Abstract. If β = β n n∈Z is a sequence of positive numbers, then a slant weighted Toeplitz operator A φ is an operator on L 2 (β) defined as A φ = W M φ where M φ is the multiplication operator on L 2 (β). When the sequence β ≡ 1, this operator reduces to the ordinary slant Toeplitz operator given by M.C. Ho in 1996. In this paper, we study some algebraic properties of the slant weighted Toeplitz operator. We also obtain its matrix characterization and discuss the adjoint of this operator.
Introduction and Preliminaries
Toeplitz operators arise in plenty of applications like prediction theory, wavelet analysis and solution of differential equations. These operators were introduced by O. Toeplitz [7] in the year 1911. Subsequently many mathematicians like Devinatz [10] , Abrahmse [3] , Brown and Halmos [4] came up with different generalisations of Toeplitz operators. In 1995, Ho [2] introduced the class of slant Toeplitz operator having the property that the matrices with respect to the standard orthonormal basis could be obtained by eliminating every alternate row of the matrices of the corresponding Toeplitz operators. Villemoes [8] associated the Besov regularity of solutions of the refinement equation with the spectral radius of an associated slant Toeplitz operator and Goodman, Micchelli and Ward [9] showed the connection between their spectral radii and conditions for the solutions of certain differential equations being in Lipschitz classes.
However these studies were made in the context of the usual Hardy spaces H 2 and H p and the Lorentz spaces L 2 and L p . Meanwhile, the notion of the weighted sequence spaces H 2 (β), L 2 (β) and their generalisations came up. Shields [1] made a systematic study of the shift operator and the multiplication operator on L 2 (β). Lauric [6] studied the Toeplitz operators on H 2 (β). Motivated by the increasing popularity of the spaces L 2 (β), H 2 (β) and the multidirectional applications of the slant Toeplitz operators, we introduced [5] the notion of slant weighted Toeplitz operators. In this paper we further investigate the properties of these operators. The study of weighted Toeplitz operators and that of slant weighted Toeplitz operators is supposed to be meaningful not only to specialists in the theory of Toeplitz operators, but would also be of interest to physicists, probabilists and computer scientists. We begin with the following preliminaries:
Let β = {β n } n∈Z be a sequence of positive numbers such that β 0 = 1, 0 < β n β n+1 ≤ 1 for n ≥ 0 and 0 < β n β n−1 ≤ 1 for n ≤ 0. Also let β 2n β n be bounded.
Consider the spaces [6] , [1] .
is a Hilbert space [6] with an orthonormal basis given by e k (z) = z k β k k∈Z and with an inner product defined by
Then, L ∞ (β) is a Banach space [6] with respect to the norm defined by
If we put φ 1 (z) = z, then M φ 1 = M z is the operator defined as M z e k (z) = w k e k+1 (z), where w k = β k+1 β k for all k ∈ Z, and is known as a weighted shift [1] .
Further, the weighted Toeplitz operator T φ [6] on H 2 (β) is defined as
This mapping is well defined, for, if
2 (β) and hence P (φf ) ∈ H 2 (β). The matrix of T φ is :
Hence the effect of T φ on the orthonormal basis can be described by
a n−k β n e n (z).
Slant weighted Toeplitz operator
and
then an alternate definition of A φ [5] is given by
Theorem 2.1. W does not commute with M z .
Proof. A φ = W M φ and when φ = 1,
But since A 1 is a slant weighted Toeplitz operator, it must satisfy the characterization [5]
Hence W does not commute with M z .
Theorem 2.2. The mapping φ → A φ is linear and one-to-one.
Proof.
Hence the mapping is linear. For one-one ness, let A φ = A ψ where φ, ψ ∈ L ∞ (β). Then
On taking n = 1,
On taking n = 2, W (φ − ψ)e 2 (z) = 0 ⇒φ − ψ = 0 or φ − ψ has only odd coefficients.
Hence we conclude that φ − ψ = 0.
= W a n β 2n e 2n (z) = a n β n e n (z) = a n z n = φ(z).
where g(z) = a n β 2 n β 2 2n
z n , n ∈ Z.
Slant weighted Toeplitz matrix
Definition 3.1. Let w n = β n+1 β n for all n ∈ Z. Then the slant weighted Toeplitz matrix corresponding to the weight sequence w n is a bilaterally infinite matrix λ ij such that
It has been proved [5] that A is a slant weighted Toeplitz operator if and only if M z A = AM z 2 where M z is the weighted shift. We now give another characterization of the slant weighted Toeplitz operator in terms of the matrix defined above. Proof. Let A φ be a slant weighted Toeplitz operator. Then its matrix λ ij is given by
Also,
where w n = β n+1 β n for every n ∈ Z. Thus the matrix of A φ is a slant weighted Toeplitz matrix. Conversely, let the matrix λ ij of an operator A on L 2 (β) be a slant weighted Toeplitz matrix. Then, for all i, j ∈ Z, 
Thus A is a slant weighted Toeplitz operator. 
Proof. (i) Let A φ 1 and A φ 2 be two slant weighted Toeplitz operators. Then
(ii) Consider
We prove by induction on n that
suppose the result is true for n = m.
Thus M z n W = W M z 2n for all positive n. For n = 0, the result is clear. For n = −1, and odd j, M z n W e j (z) = 0 = W M z 2n e j (z). For n = −1, and even j = 2k we get
On the other hand,
From equations (3.1) and (3.2) we get that M z n W = W M z 2n for n = −1.
Further, using induction we can extend this result to all negative integers n. Consequently we get that M z n W = W M z 2n for all n ∈ Z. This implies further that
Finally, we get that Proof.
Putting i = 0 we get,
Hence a 0 = a 2n and a 1 = a 2n−1 for all n ∈ Z. Now, since |a n | 2 β 2 n < ∞, hence lim n→∞ a n β n = 0 But β n 's are positive. Hence lim n→∞ a n = 0.
Therefore φ = 0. The converse is obvious. Proof. Let λ ij and δ ij be the matrices of A φ and A ψ respectively and let γ ij be the matrix of the product A φ A ψ . Further let φ = ∞ n=−∞ a n z n and
Similarly,
Hence,
Hence by matrix characterization we conclude that the product is not a slant weighted Toeplitz operator.
Next we obtain a condition for the commutativity of the product of two slant weighted Toeplitz operators.
Proof. Let A φ and A ψ be two slant weighted Toeplitz operators. Then
On the other hand
Now we give a necessary and sufficient condition for A φ A ψ to be a slant weighted Toeplitz operator. Proof.
Therefore by Theorem 3.4 we get that W A φ(z 2 )ψ(z) is a slant weighted Toeplitz operator if and only if φ(z 2 ) · ψ(z) = 0 if and only if
4. Proof. Let A φ be compact.
⇔ W M φ is compact ⇔ M φ is compact ⇔ φ = 0
